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Abstract 



We sharpen a classical result on the spectral asymptotics of the boundary value prob- 
lems for self-adjoint ordinary differential operator. Using this result we obtain the exact 
L2- small ball asymptotics for a new class of zero mean Gaussian processes. This class 
\ includes, in particular, integrated generalized Slepian process, integrated centered Wiener 

process and integrated centered Brownian bridge. 



Introduction 

The problem of small ball behavior for norms of Gaussian processes was actively studied in 
recent years, see, for example, the reviews [1] and [2]. We discuss the most explored case of 
L2-norm. Suppose we have a Gaussian process < t < 1, with zero mean and covariance 
function Gx{t,s) = EX(t)X{s), t,s E [0,1]. Let ||X|| = ||-^||l2(o,i) consider 

QiX;e) = P{\\X\\<e}. 

The problem to define the behavior of Q{X;6) a.s e was solved in [3], but in an implicit 
way. Therefore, a number of papers provided the simplification of the expression for Q{X] e) 
under various assumptions (see, e.g., the references in [2] and in [4]). 

According to the classical Karhunen- Loeve expansion one has for the process X the equality 
in distribution 



/oo 
X\t)dt^Y.^r..^n 

"=i 



where rjn, n G N, are independent standard Gaussian random variables while A„ = A„(X) > 0, 
n G N, ^ A„ < 00 are the eigenvalues of the integral equation 



1 



Xyit) = J Gxit, s)yis) ds, < t < 1. 
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Thus we are led to the equivalent problem of studying the asymptotics of P {^^^ ^nVn — 
as £ — > 0. Unfortunately, explicit formulas for eigenvalues can be obtained only in a limited 
number of examples. 

A new approach developed in the paper [5] gives exact (up to a constant) small ball asymp- 
totics for Gaussian process X under assumption that Gx is the Green function of a boundary 
value problem (BVP) for ordinary differential operator with "separated" boundary conditions 
(Sturm-type conditions). This work was completed by the paper [6] where sharp constants in 
the small ball asymptotics were calculated for many Gaussian processes. A part of results of 
[6] was independently obtained in [7], [8]. In [9] these results were transferred to a class of 
weighted processes. 

The approach of [5] is based on classical Birkhoff's results on the spectral asymptotics of 
EVPs to ordinary differential operators. It is well-known, see, e.g., [10, §4], [11, Ch.XIX], that 
eigenvalues of regular (in particular, self-adjoint) EVPs can be expanded into asymptotic 
series in powers of n. The first term of this expansion is completely determined by the main 
coefficient of the operator while the formulas for other terms are rather complicated. It turned 
out that in the case of "separated" boundary conditions the second term of the asymptotics 
is completely determined by the sum of orders of boundary functionals. Therefore, it can be 
derived in explicit form without additional assumptions. Having in hands two-term asymptotics 
for fin (and consequently for A„ = we can apply the approach from [4] and comparison 
theorem [12] to obtain the final result. 

In general case, where the boundary conditions are non-separated, the eigenvalues of BVP 
can be split into two subsequences, and the formulas for the second terms of the asymptotics of 
these subsequences, generally speaking, cannot be simplified. However, the Lifshits lemma (see 
below), combined with [5, Theorem 6.2], shows that the L2-small ball behavior up to constant 
for the corresponding Gaussian process depends only on the sum of these second terms. In 
this paper we show that this sum, as before, is completely determined by the sum of orders of 
boundary functionals. This allows us to generalize the results of [5] to considerably larger class 
of processes. 

As for sharp constants in the small ball asymptotics, one can write down explicit formulas 
for them if the eigenfunctions of the covariance kernel can be expressed in terms of elementary 
or special functions. In this case the asymptotics of corresponding Fredholm determinants 
can be calculated by the complex variable methods, see [6], [7]. In this paper we show this 
by example of several well-known processes generating boundary value problems with non- 
separated boundary conditions. 

The paper is organized as follows. In Section 1 we prove the theorem on the second terms 
of spectral asymptotics to EVPs with non-separated boundary conditions. Also the small ball 
asymptotics up to constant for corresponding Gaussian processes is given. The sharp small 
deviation constants for multiply integrated generalized Slepian process, for some variants of 
integrated centered Brownian bridge and for some kinds of integrated centered Wiener process 
are calculated, respectively, in Sections 2, 3 and 4. We note that the L2-small ball asymptotics 
for some centered processes was derived in [13]. 

Let us recall some notation. For any zero mean Gaussian process X{t), < t < 1, we 
introduce the centered process X{t) = X{t) — X{s)ds and the m-times integrated 



process 




m 



(here any index (3j equals either zero or one, < t < 1). For the sake of brevity the upper 
index is sometimes omitted. 

The function G{t, s) is called the Green function of (self-adjoint) boundary value problem 
for differential operator L if it satisfies the equation LG = S{t — s) in the sense of distributions 
and satisfies the boundary conditions. The existence of Green function is equivalent to the 
invertibility of operator L with given boundary conditions, and G{t, s) is the kernel of the 
integral operator L~^. If homogeneous BVP has a non-trivial solution ipQ (without loss of 
generality it can be assumed to be normalized in ^2(0, 1)) then the Green function obviously 
does not exist. If (po is the unique solution up to a constant multiplier^ then the function G{t, s) 
is called generalized Green function provided it satisfies the equation LG = S{t — s) — 
ipQ{t)ipQ{s) in the sense of distributions, satisfies the boundary conditions and the orthogonality 
condition 



J G{t, s)ipo{s) ds^O for all < t < 1. 



(0.1) 



The generalized Green function is the kernel of the integral operator which is inverse to L on 
the subspace of functions orthogonal to (po in 1/2(0, 1). The reader is referred to [14, Chapter 2, 
§1] for more detailed properties of the Green function and the generalized Green function (for 
the second order operators). 

The space W^{0, 1) is the Banach space of functions u having continuous derivatives up to 
(m — l)-th order when 

^(m-l) jg 

absolutely continuous on [0, 1] and u^'^^ e -^^(0, 1). If p = 2 it 

is a Hilbert space. 

We set Zi = exp{in/£) while 2J(...) stands for the Vandermond determinant: 



5J(q;i, 0:2, ... , an) = det 



1 «! 

1 a2 a.2 



OLr 



a 



n-1 



n 

l<j<k<n 



aj). 



We cite the statement due to M.A. Lifshits, see [13]. This statement is repeatedly used in 
our paper. 

Lemma 0.1. Let Vi,V2 > be two independent random variables with given small ball 
behavior; namely, let as r — >• 

F{Vi < r} ~ Xir"i exp(-L>f+V-'^), F{V2 < r} ~ X2r"' exp(-L>^+V-'^). 

Then their sum has the following small ball asymptotics: 

F{Vi + V2<r}r^ Xr"exp(-L>'^+V-'^), 

where 



D ^ Di + D2, a — ai^-a2 



d 
2' 



K = K1K2 



27id Dl'^^^Dl'^'^ 



d+l 



In a similar way one can consider the case of the multiple zero eigenvalue but we do not need it. 



1 Eigenvalues asymptotics for BVPs and 
small ball asymptotics 

Let £ be a self-adjoint differential operator of order 2£ generated by a differential expression 

Lu ^ (-1)^ {nu'-'^f + [n-^u^'-^^f'"" + • • • + Pot^, (1.1) 

{j)i{x) > 0) and by 2£ boundary conditions 

U,{u) = U,o{u) + U,i{u) ^ 0, iy^l,...,2i, (1.2) 

where 

j=0 

K-l 

j=0 

and for any index u at least one of coefficients a,, and 7,^ is not equal to zero. 

It is well known, sec, e.g., [10, §4], that the system of boundary conditions (1.2) can be 

reduced to the normalized form by equivalent transformations. In what follows we always 

assume that this reduction is realized. This form is specified by the minimal sum of orders 

of all boundary conditions. Since this quantity is of great importance in our arguments, we 

2e 

introduce the notation x — ^ ki,. We remark also that the inequalities 

i/=i 

2i-l>ki>k2>--->k2e>0, k^> k^+2 

hold true for the normalized boundary conditions. 

For simplicity we assume pj G W4,[0, 1], j = 0, . . . ,i. Then the domain T>{A) consists of 
the functions u e W2^{0, 1) satisfying boundary conditions (1.2). 

Consider the eigenvalue problem 

Cu^HU on [0,1], ueV{£). (1.3) 

It is well known, see, e.g., [10, §4, Theorem 2], that for pe = l the eigenvalues of (1.3) counted 
according to their multiplicities can be split into two subsequences /i'^, /i'^, n e N, such that, 
as n — > 00, 

= (27rn + p' + 0{n-"')f , /x'^ = [2nn + p" + 0{n-'/')f , (1.4) 
where ^' — exp(ip'), ^" — exp(ip") are the roots of quadratic equation 

e^i + 60 + 9.,r' ^ 

(tti+C7i) Oiiu^^ ... aicj^^ii cuf («! +^-^7i) JiUJili ■■■ 7i<^2e-i 
(«2 + C72) a2UJi' ■■■ a2UJe-i ^e^{a2 + r'^12) l2^^\li ■■■ 72(^2e-i 

= det 



(here uj = = exp{ij7r/i)). 

Remark 1. In general case the problem (1.3) can be reduced to the case pg = 1 by the 
independent variable transform, see [10, §4]. The expressions in brackets in (1.4) should be 

divided by J pj^^^"^^^' 



(x) dx. 



Theorem 1.1. The following relation holds true: 

p' + p" = 27ii - Stt - 



TTX 



:i.5) 



Proof. The key observation is that C^' — ^ does not depend on a^, and as long as 7^ 
i.e. as long as boundary conditions (1.2) are regular. To check this fact we write 



9i = det 



det 



"71 








71'^m ■■ 

72C^4l ■ ■ 


■ 7i^2tr 

■ 12^^21-1 


72 


.72^ 










kit 

■ l2t^2f-l\ 


OL\ 








■ 

l2i^%X ■ 


.. 7i'^2i-i" 

■ ■ 72^21-1 












72£^£+l • 


■ ■ 72^^21- 1. 



Taking the common multiplier uj^' over from the j'-th row in the first determinant we obtain 
9i — —u;^9-i and, therefore. 



p + p'^-'^ + {2N-l)n, 



N ez. 



:i.6) 



Since the eigenvalues of the problem (1.3) depend on ai, and 7,^ continuously, the parameter 
N in (1.6) does not depend on and 7;^. However, Theorem 7.1 [5] shows that if the boundary 
conditions are sepetrated, i.e. U^i = for i/ = 1, . . . , £ and U^q = ior u — i + 1, . . . ,2i then 
in (1.4) 



P 



(we note that in this case two sequences and p'^ can be naturally merged into //,„ = 
(7r(n + £ — 1 — H) + 0(n~^/^))^^). Thus, in this case (1.5) holds true, and the statement fol- 
lows. □ 



Remark 2. In fact the assumption of self-adjointness of the operator can be relaxed to the 
assumption of regularity of the system (1.2). The requirements on the coefficients pj also can 
be weakened. 

The next theorem generahzes [5, Theorem 7.2] where this result was obtained for the case 
of separated boundary conditions. 

Theorem 1.2. Let the covarianceGx{t, s) of a zero mean Gaussian process X (t) , <t <1, 
be the Green function of a self-adjoint positive definite operator Cx generated by a differential 
expression (1-1) and by boundary conditions (1-2). Let x < 2£^. Then, as £ — > 0, 



Here we denote 

1 







and the constant C{X) is given by 



1+7 

(2£- 1)1/2 {^Y^-^ [i - ^) 
where Cdist(-^) is the so-called distortion constant 

oo 1/2 

Cdist(^) = TT — 7, (1-8) 

and Hn = {^n{X))~^ are the eigenvalues of the problem (1.3). 

Proof. According to comparison principle [12] and to formulas (1.4), taking into account 
Remark 1 we have 

{oo C oo ,2 oo „2 

n=l j \n=l n=l ^" 

°° / / // \ 1/2 

= n ■^{V' + V"<e^], (1.9) 

where 

oo ,2 oo ii2 

n=l ^" n=l 

77^ and 77^ are two independent sequences of independent standard Gaussian r.v.'s, 

'l-Ku + p'\ 2^ _ /27rn + p"\ 2« 



The asymptotic behavior of small ball probabilities for the infinite sums (1.10) with coeffi- 
cients of the form (1.11) was derived in [5, Theorem 6.2]. The asymptotics of P {V + V" < e"^} 
as e — > can be deduced from the asymptotics of P {V < e"^} and P {V" < e"^} by Lemma 0.1. 
Finally, the infinite product in (1.9) differs from (1.8) by the multiplier which converges due to 
(1.5). After simpliffcation, we arrive at (1.7). □ 



2 Slepian process and related processes 

Consider the generalized Slepian process S^'^\ that is a stationary zero mean Gaussian process 
with covariance function 

Gg(c){t, s) = c — \t — s\, t, se[0, 1]. 

It is easy to check that Gg(c) is indeed a covariance for c > 1/2. Remark that for c > 1 we have 
the distributional equality 



S^''\t) = W{t + c)-W{t), 0<t<l, 



where W{t) is a standard Wiener process. The conventional Slepian process [15] corresponds 
to c = 1; the small ball asymptotics for this process was derived in [16]. 

The direct calculation shows, see [17], that Gg(c) is the Green function of the BVP 

Cs(c)U = -\u" = nu on [0, 1], 'u'(O) + 'u'(l) = 0, (2c - 1)m'(0) - (m(0) + 'u(l)) = 0. (2.1) 

Theorem 2.1. 1. Let c = 1/2. Then, as e^{), 

n\\S^'''^\<e]-^-eM-\^-')- (2-2) 
2. Let c> 1/2. Then, ase^Q, 

^iWS'^^ <e}- /;f"' ■ exp(-le-2). (2.3) 
V7r(2c - 1) 

Remcirk 3. When c > 1/2, the problem (2.1) does not satisfy assumptions of Theorem 1.2, 
since x = 2 = 2£^. This is only a formal difficulty, and the ways to avoid it are well known, 
see, e.g., [5, Proposition 6.4] and [16]. In this particular case, however, it is more simple to use 

the available results. 

Proof. 1. Set C = Substituting the general solution of the equation (2.1) u{t) — 

Ci sin((^t) + C2Cos(Ct) into boundary conditions we deduce that \in = where ri < r2 < . . . 
are positive roots of the equation 

F('=)(C) = 2 + 2 cos(C) - (2c - l)Csin(C) = 0. 

It is easy to see that for c— 1/2 the spectrum of the problem (2.1) consists of double eigenvalues 
n'^ — n'^ — 2(7m — |)^, n eN. Thus, we have the distributional equality 

\\s^'/'^r^^{\\w,r+\\w2\n 

where Wi and W2 are independent standard Wiener processes. The asymptotics of P{||iy || < e} 
as £ ^ is well known. Applying Lemma 0.1 we arrive at (2.2). 

2. When c > 1/2 it is obvious that = 1 and ^ 2c - 1 as |C| = 7r{N + i), 

N ^ 00. Let us apply the comparison theorem [12] to the processes S^'^'> and 5'^^^. Then we 
apply Jensen's Theorem, see [18, §3.6.1], to the functions F^'^^ and F^^^ and obtain 

nWS^n <e}- -^j^= ■ P{||^(^)|| < £}, £ - 0. 

The asymptotics of the last expression, as we mentioned, was established in [16]. This gives 
(2.3). □ 

Now we consider m-times integrated process 

(^^(c)^[^i,...,/3^](^^^_ Following [6] we introduce 

the notation 

1 

/ / ^\ 2£-l 2^—1 

f,= (.^«sm-j ; »,= ^; (2.4) 

for J = 1, . . . , m 

. 'J = ^; = 2m + l-%. (2.5) 

m + 1 + 7, if = 1, ^ ■' ^ ' 



Theorem 2.2. Let m G N. Then, as e ^0, 
1. forc= 1/2 

p|||(5(l/2))[^....,/3.]||<,|^ 

(2m + 2)f+i 



I m J., 

nii+^i+iP+nii+v 



2£m+l 



'm+ll 



: exp 



m+1 



m+l 



9?2 



(2.6) 



2. /or c> 1/2 

p|||(^(c)£....,/3.]||<,| 



(2m + 2)-^^ ^2 sin 



l^(^m+l' ^m+l) ■ ■ ■ 1 ^m+l)l'\/2c 1 



2?^ 



m+l 



Proof. The BVP generated by integrated process can be expressed in terms of BVP generated 
by original process due to [5, Theorem 2.1]. Applying this theorem to (2.1) we get 

( C^,.)U = (-1)™+! . iM(2„^+2) ^ [Q^ -^^^ 

m(/3™) = m'(/5„_i) = • • • = u^^-^\iir) = 0, 



u 



(m+l) 



(0) + u^"'^'^!) = 0, (2c - l)u^"'+'\0) - (u^'^^O) + u^"'^!)) = 0, 



(2.8) 



Using (2.5) we can rewrite the second and the fourth rows in (2.8) as follows: 



u 



^^•)(0) =ii(*^^)(l) = 0, j = l,...,m. 



Since the BVP (2.8) satisfies all assumptions of Theorem 1.2 (with £ = m + 1), to prove 
(2.6)-(2.7) we only need to calculate the distortion constants (1.8). Note that ■&£ — 2'^^ . 

Put C = (2/x)2^^. Then the general solution of the equation (2.8) is 

2m+l 

<t)- c, exp(a;,a), (2-9) 



j=0 



where Uj = z^+i. 



1. If c = I then X = (2m + l)(m + 1). Substituting (2.9) into boundary conditions we 
deduce that /i„ = ^r^"*"*"^, where ri < r2 < . . . are positive roots of the entire function 



det 



CO, 



ki 



(-1) 



(-^m) 



1 




{,)km ( 1 \ km 




1 + 6^^^ 


tu7^(l + e^'^i^) .. 


(-1)'"(1 + e-^^) 




l + e'< 


a;™+^(l + e^'^i9 .. 


(-l)™+i(l + e-*«) 











(_l)Ce-^C 



Therefore, 



n=l ^ ^ 



m+1 



Since |^(C)| = l-^(^iC)l) the set of all nonzero roots of the function consists of 2m + 2 
sequences cUjVn, j = 0, . . . , 2m + 1, n e N. 

According to [10, §4, Theorem 2], the relation 

^(C) = exp(-zu;iC) exp(-zu;2C) ■ ■ ■ exp(-zu;^C) • (*(C) + 0{\C\-')), (2.10) 



holds true for \(\ — > oo 


and ar^ 


XQ\ — 2m+2 


Here 








1 














$(C) = det 


1 

1 + e^^ 
1 + e^^ 
giC 





, ,m+l / 




^-1)^(1 + e-<) 







( , , \rn+l 
\ J 

■ {-UJm)''''' 



















Expanding this determinant in the elements of the first and the (m + 2)-nd columns we 
obtain 

|$(C)| ^M-\ exp(zC) + exp(-zC) + R\, (2.11) 

where 



1 , 



,m+l 



while is a constant which is inessential for us. 

Following [6], for arbitrary 5 > — 1 we introduce the function 



where 



MO = 



*<5(C) = MC)M'^iOM'^2C) . ■■M'^mO, 



(2.12) 



n 1 



7r(n + 6)y 



r(i + 5 + i)r(i + 5-a l\ 

It is easy to check, see [6, Lemma 1.3]), that 

^,(0 ~ T\l + 6)n''C-''-' cos(C - 7r{6 + 1/2)), 

as C — oo, I arg((^)| < (f)o < tt. Moreover, the convergence is uniform in arg(C). 
Setting 6 = -1/2 we deduce from (2.10)-(2.13) 



(2.13) 



1-^(01 
1*^(01 



2™+^A<, 



(2.14) 



as C ^ oo, arg(C) 7^ j G Z. 



By Jensen's Theorem 



dey 



The integrand obviously has a summable majorant. The Lebesgue Dominated Convergence 
Theorem gives, in view of (2.14), 

^2 .o(l/2)^_ 1-^(0)1 _ 4|gJ(l,a;,,(^f,...,a;^+^)| _ 4(m + ir+^ 
It remains to take into account that, due to (2.5), 



M = m-^',\ . . . , u;'r)\' -(1111+ u^i'i' + n ii + r) ■ 

After some simphfication we arrive at (2.6). 

2. If c > I then x = (2m + l)(m + 1) + 1. Substituting (2.9) into boundary conditions we 

oo / _ ^ m+l 

^^dist(-s(:))=ni 



deduce that 



.„iV^(r^-f5l), 

where ri < r2 < . . . are positive roots of the function ^(c)(C), which arises if we change in the 
determinant ^(C) the row 

+ uj^{l + e''^^'^) ... a;;^(l + e^'^-^) (-1)"*(1 + e-^^) ... (-u;^)"^(l + 6"''^'"^)] 

by the row 

[l-|(l + e^^) a;r^(l--^(l + e^-iC)) (_i)-+i(i _ ^(1 + ^-^C)) ] 

(here r = 2^). 

Similarly to part 1, the relation 

J^(,)(C) = expi-zuiC) expi-iu^O . . . exp(-za;^C) • ($(C) + 0(1(1"')), 
holds true as \(\ 00 and | arg(C)| < 2m+2 - Here 





1 


^1 


m 










$(C) = det 


1 
1 


, ,m+l 




k 

■m 
m 




(-1)"^+^(1 + e-*'^) 





(-c^i)'i . . 
















(_l)Ce-< 







Let us subtract (m + l)-st row from (m + 2)-nd one. Then, expanding the determinant in the 
elements of the first column we obtain 



$(C)| = |2J«, . . . ,u;^-,a;r^)| • |9J(u;r\a;f\ . . . ,u;^)|• 

• I exp(-<) - <exp(iC)| = mu;1\ . . . ,u;^)| • |QJ(a;f\ . . . ,u;^)|- 

• n - - 40l • I exp(-zC) + ^1 exp(zC)| = 

fci fc m2 2to + 2 



|2J(<,...,a;f 



1 — U-i 



exp(-0 +'^iexp«)|. 



Hence, setting 6 = — and taking into account |^(c)(C)| = |-^(c)('^iC)|) 'we obtain 
|C.F(,)(C)| ^ 2-+^|QJ(a;f\...,a;f-)|^ 2m + 2 

1*5(01 ^ P"^+2(l+5)7r(2'"+2)'5 'll-C^il' 

as C ^ oo, arg(C) 7^ 3 G Z. 

Applying Jensen's Theorem similarly to part 1, we arrive at 



(^2 /r'(c)N ^ -*- U + "J^ I-*- Iz-TT fZ-^il 

Wistl-^n. J 2-+i|2J(a;^, . . . ,a;,^-)P(2m + 2) ' l^'^^'^)^^^ IC=o 



2T(m + I)™r2™+2(1 + - uil 



Since |1 — = 2 sin , this gives (2.7) after some simplification. □ 

Remcirk 4. Let c > 1/2. Using (2.7) and the extremal properties of the Vandermond 
determinants [19] one can see that among all m-times integrated processes (5'(c))[^i'- -"'''"l 
processes (S^'^^)m"''^^ and {S^^^^)m"''^^ have the largest small ball constant while the Euler 
integrated processes 

^^(,)^[o,i,o,...] ^^(e)-j[i,o,i,...i j^^^g ^j^g smallest one. We conjecture that 
this is true also for c— 1/2 but this problem is open yet. 

We also point out a curious relation arising when one compares the small ball asymptotics for 
the process {S^'^^)m, c > 1/2, and for integrated Ornstein - Uhlenbeck process, see [6, Theorem 
2.2]. Since corresponding BVPs have the same parameters x, these asymptotics differ only 

by a constant. Rather unexpected is the fact that this constant equals 2{2c-\) therefore 

depends neither on j3j nor even on m. 

3 Integrated centered Brownian bridge and 
related processes 

The most famous process generating the BVP with non-separated boundary conditions is the 
centered Brownian bridge B{t); its spectrum was derived for the first time in [20]. Note that 
this BVP 

CbU = -u" = im on [0,1], m(0)-m(1)=0, m'(0) - m'(1) = (3.1) 

has a zero eigenvalue with constant eigenfunction (pQ{t) = 1. Hence the covariance G-[^{t,s) 
is the generalized Green function of the problem (3.1). We show later that this is a typical 
situation for centered processes. In this case Theorem 2.1 [5] is not applicable. To study 
integrated processes we need two auxiliary statements. 

Theorem 3.1. 1. Let the BVP (1.3) have a zero eigenvalue with constant eigenfunction 
(fio{t) = 1. Let the kernel G{t,s) be the generalized Green function of the problem (1.3). Then 
the integrated kernel 

Si(t,s)= [ [ G{x,y)dxdy (3.2) 
Jo Jo 

is (conventional) Green function of the BVP 



Ciu = -{Cu')' ^ liu on [0,1], ueV{Ci), 



(3.3) 



where the domain 'D[Ci) consists of the Junctions u e iy|^^^(0, 1) satisfying the boundary 
conditions 

ii(0) = 0; ii(l) = 0; u' eV{C). (3.4) 

2. Let the kernel G{t, s) be the Green function of the problem (3.3)-(3.4)- Then the centered 
kernel 

G{t,s)^G{t,s)-g{t)-g{s) + g (3.5) 
1 1 

(here git) = J G{t, s) ds, g = J g{t) dt) is the generalized Green function of the BVP ^ 



Ciu = -{Lu'y = nu on [0,1], ueV{£.i), (3.6) 

where the domain 'D^Ci) consists of the functions u e VF|^''"^(0, 1) satisfying the boundary 
conditions 

«(0)-m(1)=0; u' eV{C)] {Cu')(Q)-{Cu'){l) = Q. (3.7) 

Remark 5. Let X{t)^ < t < 1 be a Gaussian process with zero mean. It is well known 

that the covariance of the integrated process G [o] can be expressed in terms of the original 

^1 

covariance Gx by formula (3.2). Note that under assumptions of part 1 of our Theorem the 
processes and x|^' coincide almost surely. It is easy to show that the covariance of the 
centered process G^- can be expressed in terms of the original covarisnce Gx by formula (3.5). 

Remark 6. It is easy to see that the differential expression (1.1) can be represented in the 
form (3.3) iff po = 0. 

Proof. 1. The first boundary condition in (3.4) is trivially satisfied for the function Qi while 
the second one is satisfied due to (0.1). Further, differentiating (3.2) w.r.t. t we obtain 



{Qil{t,s)^ rG(t,y)dy, 
Jo 



whence the other boundary conditions follow by linearity of the set 2^(>C). Since CG{t,s) — 
d{t — s) — 1, we obtain consequently 

^GiYtit, s) = XM+(i -s)-s; {CiGM = -S{t - s), 

and the statement follows. 

2. The orthogonality condition (0.1) follows from the definition of G: 

/ G{t,s)ds = g{s) - g{s) -g + g = 0. 
Jo 

The first two conditions in (3.4) provide 

G{0,s)^-g{s)+g^G{l,s). 
Differentiating (3.5) w.r.t. t we obtain 



G[{t,s)^G',it,s)- fG',{t,y)dy, 
Jo 



^The problem (3.6)-(3.7) obviously has a zero eigenvalue with constant eigenfunction <^o(i) = 1- 



that gives G'^ G 'D{C). Since CiG{t, s) = 5{t — s), we have 

jCiG{t, s) = 6{t -s)- f 6{t- y) dy = 6{t -s)-l. 

Jo 

Finally, the last boundary condition follows from 

{jCG[){0,s) - {jCG't){l,s) = [ CiG{t,s)dt^ I {5{t-s)-l)dt^0, 

Jo Jo 

and the second statement is also proved. □ 
Now we define the sequence of integrated centered analogues of Brownian bridge. We set 

B{o}{t)^B{ty, B{iy{t)= [ B^{s)ds, I en. 

Jo 



Theorem 3.1 allows us to write down the BVPs generated by processes Bi^iy and We begin 
from the second process because its eigenvalues can be derived explicitly. This permits us to 
derive the small ball asymptotics without using Theorem 1.2. 

Theorem 3.2. Let I e Nq. Then, as e ^ 0, 

-(2^+1) / T) \ 

P{\\B{,y\\ < e} ~ x/2lT2 • -^=exp {- , (3.8) 

where = (£^2£sin while the quantity Di was defined in (2.4)- 

Remark 7. The multipher before the exponent in (3.8) equals ^J^f^ • For I — (3.8) 
coincides with formula obtained in [13, §3]. 

Proof. Applying I times in turns the first and the second statements of Theorem 3.1 to the 
problem (3.1) we deduce that the covariance G^ — {t, s) is the generalized Green function of the 
EVP with periodic boundary conditions 

£;b— ^/ = (-1)'+ = //M on [0,1], u^^\0) - u^^\l) ^ 0, j = 0, 1, . . . , 2Z + 1. 



Whence the operator — coincides with (£-g)^ . Therefore, its spectrum is double, excluding 
zero eigenvalue which is inessential for us due to the orthogonality condition (0.1): /^^ = /i^ = 
(27rn)^'+^. Thus, we have distributional equality 



oo i2 oo ^1/2 

n 



in— 112 £ Vn , V 



21+2 ■ 



.(2nnyi+2 ^(27m) 

where r/^ and rj'^ are two independent sequences of independent standard Gaussian r.v.'s. Using 
[5, Theorem 6.2] and Lemma 0.1 we arrive at (3.8). □ 

Theorem 3.3. Let I G Nq. Then, as e ^ 0, 

P{\\Bii}\\<e} ~ (2/ + 2)^sin^.-^^exp (- ||^) , (3.9) 
with the same notation as in Theorem 3.2. 



Proof. Similarly to Theorem 3.2, the covariance Gs^iyit, s) is the Green function of the BVP 



= (-l)'+V^'+2) = /XI. on [0,1], 



u{0) = u(l) = 0, u^^\0) - u^^\l) = 0, j ^l,...,2l. 



(3.10) 



Since the problem (3.10) satisfies all assumptions of Theorem 1.2 (with £ = / + 1), to prove 
(3.9) we only need to calculate the distortion constant. Note that = I and x = {21 + 1)1. 

Put C = /X2I+2. Substituting the general solution of the equation (3.10) into boundary 
conditions, we deduce that 



Cdist(-B{/}) = n 



iV7r(n+ 2^) 

where ri < r2 < . . . are positive roots of the entire function 



i+i 



diC) = det 



(-l)(l-e-<) 

-1)2(1-6-9 



a;f(l-e^"i«) (-1)2^(1 - e-'^ 



while Uj = zj^^. 



Subtracting the first row from the second one, similarly to Theorem 2.2 we obtain for 

Id ^ oo and |arg(C)| < ^ 



-1)'+^ expi^iuiO cxp{-zuj2C) . . . expi-ZLJiO ■ ($(C) + 0(|C|-')), 



where 





1 1 


..1 1 










1 - e< 1 


. . 1 1 - e-^^ 


1 


1 


$(C) - det 


1 - e'^ LOi 


.. cui (-l)(l-e-'«) 




-UJi 




_l-e^^ uf 


.. oof (-l)2'(l-e-<) 


i-ujir ■■■ 




Expanding this determinant in 


the elements of the first row we derive 




l*(C)HWf.....-.)l.|(, 

1 J- — ^1 \ 


- exp«))(exp(-0 - wi)| 










2(2Z + 2)' , ^ 

1 — Oi)i\ 


+ uji exp 


X)- 



21 



Setting 5 — 2^ we obtain in view of \^{C) \ = \d{^iC)\ 



\m\ 



2'+2(2/ + 2)' 



j=0 



r2^+2(l + (5)7r^|l-u;i| 



for C ^ oo, arg(C) 7^ J e Z. 



This implies, similarly to the proof of Theorem 2.2, 

r2'+2(l + 5)7r'|l-a;i| 



Cdist(^{0) 



Since 



-m 

^21+1 



det 



1 



1 



2'+2(2Z + 2)' 



1 



C=o 



1 



l_e-iwiC 



^1 ? 



(JJI 7 (-ij— ^ 



l_e-»"iC 



^1 ? 



(-1) 



2; l-e-'"i'^ 



we have 



^2/+l 



|2J(l,wi,...,W2m)l = (2/ + 2)'+\ 



C=o 



Since |1 — a;i| = 2sin 2^^, this gives (3.9) after some simplification. □ 

Remark 8. For / = (3.9) gives the classical formula for small ball asymptotics of Brownian 
bridge under L2-norm. For I — 1 the formula (3.9) was given in [13, §6], but the distortion 
constant there was calculated only numerically. 

Now we consider m-times integrated process {B[iy)m^'"''^"'\t). Due to [5, Theorem 2.1], its 
covariance is the Green function of the BVP 



( C 



^y+^+i^(2^+2/+2) ^ on [0,1], 



U{f%n) = U'{(3rn-l] 

m(")(0) = (1) 



(m-l) 

{m+j) 
(m+2Z+3)Q 



0, M^™+^^(0) -M^^'^^^d) 



0, 



0, j = l,...,2/. 



(3.11) 



/?2) = --- = «(2m+2;+l)^^_^^)^Q_ 



The problem (3.11) satisfies all assumptions of Theorem 1.2 (with I — m -\- 1 -\- 1). This gives 

us the small ball asymptotics for the processes (i?{/})m^' "''^'"'(t) up to a constant (note that 
= 1 and x = (2m + 2/ + l)(m + / + 1) — (2/ + 1)). As for the distortion constant, the 
only problem for its calculation is the length of explicit representation of the corresponding 
Fredholm determinant. We restrict ourselves to the case I — 1. 

Theorem 3.4. Let m G N. Then, as £ — >• 0, 



(2m + 4)'^./2sin 



37r 
2m+4 



ki 



■m+2' ^m+2' ■ ■ ■ ' 




n^+2i'+nii+^; 

i=i 



^'^ I 

'm+2l 



-m+2 



: exp 



m+2 



2 



•\ASm+2 

where S)^ is defined in (2.4), Se is introduced in Theorem 3.2, and for j — 1, . . . ,m 



(3.12) 



k 



m - j, if (3j = 0, 
m + 3 + .7, if 3^ = 1, 



kj ^2m + 3-kj. 



(3.13) 



Proof. Put ( = /x2m+4 Substituting the general solution of the equation (3.11) into boundary 
conditions, we deduce that 



n=l ^ ^ 2m+4 



Cdist((-B{l})m) = Y\. 

n=l 

where ri < r2 < . . . are positive roots of the entire function 



m+2 



det 



fei 



1 
1 

1 - e*^ 
1-e^^ 

e< 



CO 



Vn+l 



, ,m+l 
^1 
m+2 



(1 - e*'^!'^) 



m+1 
m+1 



(1 



^mgia;iC 



) 



'^m+l'^ 
"^m+l'^ 



(-1) 

(-1)"^ 

(-1)"^+^! - e-<) 
(-1)'"+2(1 - e-^^) 

(_l)feie-*« 
(-1) 



(— f-^m+l)™ 



while a;j = 



Similarly to Theorem 2.2 we obtain for |C| — > oo and | arg(C)| < 



2m+4 



^i(C) = exp(-icuiC)exp(-zcu2C)---exp(-ic^„+iC) • ($(C) + 0(|C|-')) , 



where 





1 














$(C) = det 


1 

1 

1 -e*« 
1 - 


, ,m+l 
m+2 





■ ^m+l 
, ,m 

• ^m+1 
, ,m+l 

■ ^m+1 

m+2 

• '^m+l 





(-1)™ 

(-l)"*+i(l - e-<) 
(-1)"^+2(1 -e-<) 
(-l)"(-e-^0 
(_l)fc'i(_e-<) 











(— t^m+l)"^ 












(_l)C(_e-^C) 







Expanding this determinant in the elements of the first and (m + 3)-rd columns we derive 

|$(C)| = 9Jl • I exp(-zC) + u;r'exp(zC) + 

where 



while is a constant which is inessential for us. 



Setting 6 = we obtain in view of \di{0 \ = \di{i^iC)\ 



m+l 

n ^^(^.0 

j=0 



for C ^ oo, arg(C) j e Z. 

This implies, similarly to the proof of Theorem 2.2, 



Cdist((-S{l})m) = 



C=o 



Subtracting in the determinant (m + l)-st row from (m + 4)-th one we obtain in view of (3.13) 

UO 



|2J(l,u;i,a;f,...,<"+'^)| = (2m + 4) 



\m+2 



C=o 



It remains to take into account that due to (3.13) 

2m + 4 



Mm \ 1 2 



|1 - ^sl 



(nii+-M^+nii+-?i^)' 



Since |1 — a;3| = 2 sin . , we arrive at (3.12) after some simphfication. 



□ 



4 Integrated centered Wiener process and 
related processes 

Similarly to Section 3, we define the sequence of integrated centered analogues of Wiener 
process. We set 

iy{o}(i) = W{t); W{i}{t) = fw^yis) ds, I e N. 

Jo 

The spectrum of the process W^^iy and its L2-small ball asymptotics was studied in [13, §7]. In 
[5, Example 5.4] it is pointed out that the covariance Gw^^y is the Green function of the BVP 

Cw^^yU = u"" ^ f^u on [0,1], 'u(O) = 'u(l) = ^"(0) = ^"(1) = 0. (4.1) 



Theorem 3.1 allows us to write down the EVPs generated by processes W^iy and W^q. We 
begin from the second process and prove an unexpected relation. 

Theorem 4.1. Let Z e Nq. Then the following distributional equality holds true: 



l|W^»ll = ll%}ll- (4-2) 

Proof. For / = the equality (4.2) is well known, see, e.g., [21] and [13, §3]. Let / > 1. 
Applying in turns the second and the first statements of Theorem 3.1 to the problem (4.1) we 
deduce that the covariance G^y— (t, s) is the Green function of the BVP 



{ 



■'Wj 



= (_iy+V2/+2) ^ on [0,1], 



x,('+i)(0) (1) = 0, U^^HO) - u'^^HD = 0, 7 = 0,...,/-l, Z + 2,...,2Z + 1. 



It is easy to check that (/ + l)-times differentiation maps mutually the eigenfunctions of BVPs 
(3.10) and (4.3) (if the corresponding eigenvalue fx ^ 0). Hence nonzero eigenvalues of these 
BVPs coincide pairwise, and therefore nonzero eigenvalues of the covariances also coincide. 
This gives (4.2). □ 



Theorem 4.2. Let I e N. Then, as e ^ 0, 



F{\\Wii} II < 4 ~ {21 + 2)5 sin ^ (cos ^) 



-(21-1) 



: exp - 



2f^ 



(4.4) 



with the same notation as in Theorem 3.2 (the angle brackets must be omitted if I is even). 

Remark 9. For I — 1 (4.4) coincides with formula obtained in [13, §6], see also [6, Propo- 
sition 1.7]. 

Proof. Similarly to Theorem 4.1, the covariance Gw^i^^it, s) is the Green function of the EVP 

Cw^.yU = (-l)'+^M(2i+2) _ [Q^ 

u{0) = u{l) = 0, m('+i'(0) = m('+i)(1) = 0, (4.5) 
„(i)(0) - «0)(i) =0, J = 1, . . . , / - 1, / + 2, . . . , 2/. 

Since the problem (4.5) satisfies all assumptions of Theorem 1.2 (with £ — l + l),to prove (4.4) 
we only need to calculate the distortion constant. Note that -i?^ = 1 and x = (2/ + 1)/ + 1. 

Put ( = fi"^ . Substituting the general solution of the equation (4.5) into boundary condi- 
tions, we deduce that 



where Vi < r2 < ■ ■ ■ are positive roots of the entire function 



i+i 



F(C) = det 



1 

1 - e'^ 
1 - P»C 



1 

'1 _ e^^iC) 



(-l)(l-e 
(-1)2(1-6 



1 - e^^ 




(-1 


)'-\l-e-'^) . 




1 


-1 


(-1)' 


(-1)'+^ 




e< 


_g-jtJiC 


(-l)'e-^'^'^ (- 




_^-iuJiC 


1 - e'^ 


u;[+2(l-e"^i^) .. 


(-1 







-iuiiC 



(-1)2'(1 - e-<) 



while ujj = zjj^^. 

Subtracting the first row from the second one and (/ + 2)-nd row from (/-|-3)-rd one, similarly 
to Theorem 2.2 we obtain for |C| — > oo and | arg(C)| < 

F(C) = exp(-MC) exp(-ia;2C) ■ ■ .exp(-iu;^C) • (^(C) + OdCl"')) , 



where 



$(C) = det 



1 


1 


1 


1 








1 - e'^ 


1 


1 


1 - e-'^ 


-1 


-1 


1 - e'^ 






(-l)(l-e-C) 






1 - e'^ 


^1 


■ 


- e-''<) 






1 


-1 .. 


■ (-ly 










1 - e'^ 


-1 .. 


■ (-ly 


(-l)'+i(l - 


-(-1)^+2 


1 


1 - e'^ 




■ (-1)'^^ 






-UJl 



i-i 



(-l)2'(l-e-'^) (-l)'+3(-a;i) 



/-I 



Adding the upper half of the matrix to the lower one we get |$(C)| = 2'+^|Ai(C)| • |A2(C)|, 
where 

for even I 







1 


1 .. 


1 


.. 


" 






1 - e'^ 


1 .. 


1 


1 .. 


1 


Ai(C) 


= det 


1 - e^^ 


002 




<^l+2 ■ ■ 


■ OOll 






_1 - e^^ 






^1+2 ■ ■ 


■ 47\ 






1 


. 





1 . 


1 






1 - e-'^ 


1 . 


1 


1 . 


1 


A2(C) = 


= det 


1 - e-^' 






OJl+2 ■ 


■ ■ 0O21 






1 - e-^' 


<^2 


■ ■ 


^/+2 ■ 


■ 47^J 



for odd I 



Ai(C) = det 



1 

1 - e*^ 
1 - e^^ 



A2(C) = det 





1 


1 - e-< 


1 




1 


. . . 




(-!)(! -e-«) 


-0J2 






1 


^\--\ 


(_l)'-i(l_e-<) 








1 


1 . 


.. 1 









1 


1 . 


. . 1 1 




1 






Go's 


UJl -UJi 










. 




... (- 







l-l 



(note that in this case Ai coincides with the determinant from Theorem 3.3). 
Expanding these determinants in the elements of the first row we obtain: 
for even I 



l*(C)H 



|1 -a;iexp«)|2 = 

4(2Z + 2)^-1 



I exp(-0 + ujf exp«) -2(jji\; 



for odd / 

2'+3|2j(i,^,,...,^2/-2)P 



1^(01 = 



11 - UJ2\ 



|(l-exp(iC))(exp(-iC)-u;D| = 
16(2/ + 2)'-i 



\l-UJ2? 

Setting 5 = we obtain in view of |F(C)| = |F(a;iC)| 

|F(C)| 2^+3(2/ + 2)'-^ 



exp(-iC) +t^iexp«) - + 



IC^' n M^jCn 

j=0 

for C ^ oo, arg(C) ^ J eZ (here M = |1 - cjip for even / and M = |1 - W2|V4 for odd I). 
This imphes, similarly to the proof of Theorem 2.2, 

r2'+2(l + 5)7r'-iM F(C) 



cUWii}) = 



2'+3(2/ + 2)'-i 



21 



Since 



no 



^21 



det 



1 



a;i- 



C 



C 



we have 



F(C) 



1 

C . , 



c 



1 



C=0 



-1) 



i-e-»<: 



C 






(■ 




■ (■ 




1 


-1 


(-ly 








-1 


C 


c 




(■ 






l_e-»'^;C 
C 


C 


^ 


1+2 1 _piw;C 


(■ 




■ (■ 





00. 



2a-e'"K 



2i l-e""^ 



1 



2Z l-e-'"K 



2/ 



|QJ(l,u;i,...,a;2i+i)| = (2Z + 2) 



□ 



Since |1 — cjj| = 2sin ^f^, this gives (4.4) after some simplification. 

Remark 9. In our proof we in fact use that the operator of the BVP (4.5) is the square of 
the BVP operator of order / + 1 

£m = = /iM on [0,1], 

m(0)=m(1) = 0, u^^\<d)-u^^\l) = Q, j = l,...,/-l. 
For odd / the operator £ coincides with the operator Cb^i_^^-, see (3.10). 

Now we consider m-times integrated process (W{/})m^' ""'^"''(i). According to [5, Theorem 
2.1], its covariance is the Green function of the BVP 



= (_l)^+-+V2m+2^+2) ^ on [0,1], 



xiM(O) = u^'^\l) = 0, ii("^+^)(0) - ii('"+^)(l) = 0, J = 1, . . . , Z - 1, 



(4.6) 



u 



(m 



+'+i)(0) =7x('"+'+i)(l) = 0, u^'^+^\Q) - u^'^+^\l) = j ^1 + 2,..., 21, 



u 



(-+2/+2)n -BA= ^i(-+2i+3)^ _ n ^ 



u 



The problem (4.6) satisfies all assumptions of Theorem 1.2 (with £ = m + I + 1). This gives us 
the small ball asymptotics for the processes {W{ij)m^'"'''^"'\t) up to constant (note that •&£ = 1 
and X = (2m + 2Z + l)(m + / + 1) —21). For I — 1 the problem (4.6) has separated boundary 
conditions; distortion constants in this case were calculated in [6, Proposition 1.7]. We restrict 
ourselves to the case 1 — 2. 

Theorem 4.3. Let m eN. Then, as e ^ 0, 

P{\m{2})^i"-''-^\\<e}- 



i(2m + 6)"^ sin , /sin sin 



l^(^m+3> ^m+3> ■ ■ ■ i ^m+s) I ' \ j T\ km+3 + ^m+3l^ + 11 km+3 + ^m+zi^ 



'm+3 



: exp 



3)m+3 
^=-m+3 



where 2)^ is defined in (2.4), Q is introduced in Theorem 3.2, and for j — 1, . . . ,m 



, (4.7) 



m — j, ii Pj — 0, v — o _L h 
m + 5+j, if /3, = 1, l^j-2m + b-k^. 



(4. 



Proof. Put C, = yU2™+6. Substituting the general solution of the equation (4.6) into boundary 
conditions, we deduce that 



Cdist((W^{2})m) = n 



n=l ^ ^ 2m+6 



m+3 



where Vi < r2 < . . . are positive roots of the entire function 



det 



1 




<^m+2 




■ ( 


-U;m+2)''' ' 


1 
1 


, ,rn 


'^m+2 
, ,m 
'^m+2 


(-ir 


■ (- 

■ ( 


—^m+2)^ 


1 

- e'^ 


^m+l^^_gia;iC) . 


m+3 
'^m+2 

■ '^m+2'^ 


(^_X)"^+3 

(-1)^+1(1 -e-*9 .. 


■ (- 


, , Vm+S 


e< 


^m+3gia,iC 


piWm+lC 

■ '^m+2'^ 


(_l)m+3g-iC 










■ ^m+2^ 


(_l)Ce-< 







while ujj = ^^+3. 



Similarly to Theorem 2.2 we obtain for |C| — > 00 and | arg(C)| < 



2m+6 



Fi(C) = exp(-ia;iC) exp(-iu;2C) ■ ■ .exp(-ia;^+2C) • (*(C) + 0(1(1"')), 



where 



$(C) = det 



ki 

m+1 





1 




7, 

■ 












1 




, ,m 

■ 


(-ir 










1 


m+3 
^1 


m+3 

• 










1 


- 


m+1 


■ <^m+2 






. (-a;m+2)™+' 


1 


- e''^ 




■ <^m+2 






. (-0;m+2)™+' 




-e< 








(-l)™(-e-^';) 


(-c^i)™ .. 


(~'-^m+2)'" 




-e< 








(_l)m+3(_g-iC) 




. (-a;m+2)"^-;-^ 

■ (-^^m+2)*'i 












(-l)*^i(-e-<) 













■1) 



h' 



-a;i) 



-'^m+2) 



Expanding this determinant in the elements of the first and (m + 4)-rd columns we derive 

|$(C)| = Ml . |exp(-<) +a;r^exp«) + 



where 



,a;i ,0^1 ,a;i ,a;i j • yj(^a;i ,a;i ,a;i ,a;i,...,a;i j+ 



+ -ui^cui , . . . , c^i , c^i , u;i 



m m+3 m+4 



,6^1 



m+1 m m+3 '^'i 



, tiJi , t^i , u^i , 



while i? is a constant which is inessential for us. 

Setting 5 = we obtain in view of |Fi(C)| = |Fi(cJiC)| 



|Fi(C)l 



m+2 

c n M^jC) 

j=0 



2m+3^m-lj^^ 



for C ^ 00, arg(C) 7^ 



2m+6' ^ ^■ 

This implies, similarly to the proof of Theorem 2.2, 



Cdist((^{2}). 



p2m+6(i^ 

2"^+37r"*-iMi 



Fi(C) 



C=o 



Let us subtract in the determinant (m + l)-st row from (m + 5)-th one and (m + 2)-nd row 
from (m + 6)-th one. In view of (4.8) we obtain 



Fi(C) 



= |QJ(l,a;i,a;^,...,a;^+5)| = (2m + 6) 



\m+3 



C=o 



It remains to take into account that due to (4.8) 

(2m + 6)2 



Ii = |9J(^i^S...,c.i^" 



|1 — a;i| |1 — a;2p|l — uj^l 



m m 

( J] 1^1 + uj1'\^ + n + < I') ■ 



Since |1 — a;j| = 2sin 2^+6 arrive at (4.7) after some simplification. 



□ 



I am grateful to Professor Ya.Yu. Nikitin for some comments and references, and also for 
his constant encouragement. 
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